The finite strain expressions, originally derived by F. Birch (1938), for the compressional and shear velocities in an isotropic solid under. hydrostatic pressure, when rederived to be complete to first order in the strain, are functions of both the second-and third-order elastic constants. The extra terms appearing in the complete first-order theory for the velocities and their pressure derivatives are of the order of the ordinary elastic constants. There is no longer any discrepancy between first-order finite strain theory and ultrasonic and seismic data.
In a recent article, Birch [1969] questioned the ultrasonically measured velocity derivatives Poe/> of spine!, garnet, and forsterite, since they were in poor agreement with the expressions (5) 1 13A0 + 14µo
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The three invariants of the Eulerian strain ten-(1) sor are given by __!_ 3A0 + 6µo 6Ko µo (
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Vs ap o (2) These equations were derived by Birch [1938] using Murnaghan's theory of finite strain. Part of the reason for the poor agreement with the ultrasonic experiments is that these expressions are not complete. The complete expressions to first order in the strain are
The constants l, m, and n are the third-order coeflicients in the expansion of the elastic energy density in powers of the strain invariants (6)
The result that the pressure derivatives of the velocity are not completely determined by Ao and P,o is intuitively reasonable. Stated another way, equations 1 and 2 imply that two materials that have the same Ao and /'o would have the same logarithmic velocity derivative. The thirdorder isotropic constants Z, m, and n in equations 3 and 4 remove this unrealistic constraint.
The derivation of equations 3 and 4 is identical to Birch's [1938] derivation of (1) and (2) in every detail except one: the expansion of the strain energy density, equation 5, is not truncated after the second-order terms, but is retained to third order in £ as written.
Following Birch, the compressional and shear velocities in an isotropic material subjected to a: finite hydrostatic strain are where V/ vs"
Here c is the finite hydrostatic otrain
12 and 1/(1 +a) is the factor by which each line in the crystal is bydrostatically shortened.
By taking the indicated partial derivatives of q, and a.rranging the terms in ascending powers of £, we get
Because of the differmtiation in the calculation of A and C, the third-order coefficients l, m, and n appear with Ao and µo to the first order in c For the same reason, the coefficients of the c' terms are incomplete. The complete terms wonld contain fourth-order constants ignored in the truncation of equation 5 after the c" terms. By truncating the free energy expansion after the second-order terms, Birch got only the Ao and µ 0 contribution to the c terms. Hughes and Kelly [1953] derived equations analogous to (9) in Lagrangian coordinates having the same form; i.e., the third-order coefficients a]Jpear to first order in the Lagrangian hydrostatic strnin Y/· Upon computing the bulk modulus K/ p V/ --(4/3)V 8 2 by using (9), we obtain
which is identical to the expression given by Birch D 952] :
where f = -c and t = [181 + 6m + %n]/ 4K0 • Note that the f2 term in (11) is incomplete, being composed of the incomplete c 2 terms in the velocities. The pressure derivatives given by (3) and (4) are computed from (9) and from the expression for pressure given by Birch [1952] :
Given only a hydrostatic finite strain, it is not possible to determine l, m, and n individ- Table 1 for a number of solids.
The most serious objection to finite strain theory is that one is never certain as to the convergence of the expressions for the velocities (9) or the bulk modulus (11). The coefficient of the c term is typically an order of magnitude larger than the leading term, and the coefficient of the c' term, although incomplete, appears to be an order of magnitude larger still. Therefore, these expressions. are probably insufficient for c > 0.1, which is roughly the strain at the base of the mantle. For self-consistent analyses, the E 2 terms, being incomplete, should not be retained. The expressions should be used in the form
p SAMMIS, ANDERSON, AND JORDAN Finite strain parameters ;-and 11 were computed according to equation 13. * Polycrystalline.
t From Kumazawa and Anderson [1969] . t From Liebermann [1969] . §From Manghnani [1969] . All others from 0. L. Anderson et al. [1968] .
By fitting the above equations to seismic data, it is possible to evaluate Ao, µ,,, Po, ?;, and r; for homogeneous regions of the earth's mantle. These material constants can then be compared with ultrasonic measurements and lattice calculations for candidate· minerals in an attempt to infer composition. Application of the concepts in this paper to the seismological problem will be treated by the authors in a forthcoming paper. Excellent agreement is found behvecn finite strain theory and the seismic velocities and densities, thereby removing the difficulties experienced by Birch [1939] in his discussion of the lower mantle.
